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SUMMARY 
A simple vortex system is used to model unsteady aerodynamic effects into 

the rigid-body longitudinal equations of motion of an aircraft. With the formu­

lation used, only steady-state aerodynamic derivatives appear in the equations. 

It is found expedient to transform the equations into the frequency domain to 

make them useful for extracting aerodynamic parameters from flight data. The 

equations are used in the development of a parameter-extraction algorithm. If 

the algorithm is used with the unsteady aerodynamic modeling included, all 

extracted aerodynamic derivatives are the steady-state derivatives. If unsteady 

aerodynamic modeling is omitted, some extracted parameters will include the 

effects of unsteady aerodynamics and are interpreted as combinations of steady-

state and acceleration parameters. Use of the two parameter-estimation modes, 

one including and the other omitting unsteady-aerodynamic modeling, provides a 

means of estimating some acceleration derivatives. Computer-generated data and 

flight data are used to demonstrate the use of the parameter-extraction 

algorithm. 

INTRODUCTION 

Extraction of aerodynamic parameters from flight data has become a routine 

task �or numerous organizations. Sophisticated mathematical techniques have 

been developed for this purpose. Although parameter-extraction methods have 

been well developed and work very well with computer-generated data, several 

problems generally become apparent when applied to flight data. Some problems 

documented in reference 1 include: 

(1)Extraction of different numerical values for the same parameter, under 

similar flight conditions 

(2) Estimated variance in parameters which are much too optimistic when 

compared to values from ensemble averages 

( 3 )  Dependence of values of extracted parameters on the shape of the 
control input 
One possibility that could have impact on these items is that unsteady 

aerodynamics associated with load buildup following an increase in angle of 

attack generally has not been included in parameter-estimation algorithms. 

Another possibility is that unsteady aerodynamics associated with downwash at 

the horizontal tail is generally approximated by assuming the existence of cer­

tain acceleration derivatives, in particular the acceleration derivative Cm&. 
In the present study, the idea is that better consistency in extracted param­

eters might be obtained if the two unsteady aerodynamic effects are modeled 

more precisely. 

Although var ious  methods were a v a i l a b l e  f o r  c a l c u l a t i n g  unsteady aero­
dynamic loads on l i f t i n g  su r faces  (e .g . ,  r e f s .  2 t o  4 ) ,  they were genera l ly  too  
complex f o r  use i n  equat ions of motion o r  f o r  parameter i d e n t i f i c a t i o n  purposes.  
The study of r e fe rence  5 was a pre l iminary  a t tempt  t o  develop a method f o r  
including unsteady e f f e c t s  i n  equat ions of motion t h a t  could be used i n  param­
e t e r  i d e n t i f i c a t i o n .  I n  r e fe rence  5 a simple vor tex  system was developed f o r  
es t imat ing  i n d i c i a l  l i f t  and downwash a s soc ia t ed  wi th  c i r c u l a t i o n  f o r  unswept 
wings i n  incompressible flow. This  system gave r e s u l t s  t h a t  were i n  good agree­
ment with more accura te  and complex vor tex  systems. The vor tex  system was 
general ized i n  r e fe rence  6 ,  and the  r e s u l t s  were extended t o  ob ta in  i n d i c i a l  
l i f t  f o r  tapered,  swept wings i n  incompressible flow. 
The purposes of t he  p re sen t  study were a s  fol lows:  (1) To develop f u r t h e r  
the  methods of r e fe rences  5 and 6 t o  de r ive  equat ions f o r  t h e  downwash behind 
tapered ,  swept wings; ( 2 )  t o  develop equat ions of motion inc luding  unsteady 
aerodynamic e f f e c t s ;  (3)  t o  develop algori thms f o r  parameter e x t r a c t i o n  account­
ing f o r  unsteady e f f e c t s ;  and ( 4 )  t o  apply the  algori thms t o  f l i g h t  d a t a .  
SYMBOLS 
A l l  aerodynamic c o e f f i c i e n t s  a r e  based on wing geometry. 
v e r t i c a l  a c c e l e r a t i o n ,  g u n i t s  
aspec t  r a t i o  , b2/S 
elements of matr ix  
span, m 
chord, m 
average chord, m 
L i f t
l i f t  c o e f f i c i e n t ,  -
S S W  
LLt l lCLt2fD parameters def ined i n  equat ions (28) , ( 2 9 )  , and (30) 
Cm pitching-moment c o e f f i c i e n t  , Pitching momen~tl- about a i r c r a f t  c e n t e r  
qswcw 
of g r a v i t y  
exponent ia l  i n t e g r a l  of v a r i a b l e  ( ) ,  s-1$ dv 
downwash f a c t o r s  
c o e f f i c i e n t s  used i n  modeling downwash when i n d i c i a l  lift funct ion 
i s  neglected 
acce le ra t ion  due t o  g r a v i t y ,  9.8 m/sec 2 
i = a 

IY moment of inertia about Y-axis, kg-m
2 

2 distance behind wing root quarter-chord point, m 
2, distance from aircraft center of gravity to aerodynamic center of 

horizontal tail, m 

m aircraft mass, kg 

N number of points 

pitch rate, deg/sec 

dynamic pressure, 	-1 pu2S, N/m 2 2 
noise covariance matrix 

area, m2 

time, sec 

u velocity, m/sec 
V dummy variable 

W downwash velocity 

-
X distance downstream from aircraft center of gravity to wing aero­

dynamic center, m 

constants in indicial lift function 

geometric angle of attack, deg or rad 

circulation strength, m2/sec 

deflection, deg or rad 

lift due to unit step in a 

response in downwash to unit step in a, deg or rad 

downwash angle, deg or rad 

parameter vector 

taper ratio, ct/cr 

sweep of quarter-chord line, positive �or sweepback, deg or rad 

3 
- -  - -  
P air density, kg/m 3 
w frequency, rad/sec 
acm acL
‘ma - .-
a a -acW cLq - a -GW 2u 2u 
acm cmc, = aa 
” 2u 
Subscripts: 
e elevator 
E effective 
f �uselage 
k variable index 
2 quantity at distance 2 
r root 
S unsteady aerodynamics only in downwash 
ss steady state (no unsteady aerodynamic effects) 
t horizontal tail or wing tip 
W wing 
Superscripts: 
-, variable in frequency domain 

I coefficient used in modeling downwash when indicia1 lift function 
is included 
derivative with respect to time 

4 
.-. 
Abbreviations: 

det determinant 

diag diagonal 

mag magnitude 

Re real part 

ANALYSIS 

The longitudinal aerodynamic parameters of an aircraft are determined pri­

marily by the lift forces on the wing, horizontal tail, and elevator. In 

unsteady motion, the forces can be considered to be composed of three parts 

(ref. 7). One part is due to circulatory flow associated with angle-of-attack 
variation where this variation is caused by the vertical (plunging)motion of 
the aerodynamic center. A second part is associated with circulatory flow and 
ascribed to the curvature of the flow streamlines relative to the surface when 
the surface is performing a pitching motion. This second component is often 
analyzed by considering an equivalent system which replaces the airfoil and 
circular streamlines with a circular-arc airfoil in rectilinear flow. The 
effective angle of attack associated with the curvature is the difference in 
surface slope between the quarter-chord and three-quarter-chord points. This 
effective angle of attack associated with rotation can be included with the 
angle of attack due to vertical motion for purposes of analysis (ref. 7 ) .  A 
third part is due to instantaneous acceleration of noncirculatory potential 
flow. This lift is equal to the product of the virtual additional mass of the 
moving surface and the acceleration normal to the surface. This effect is 
generally small and is not considered in this paper. However, the effect could 
be important for very lightweight aircraft. 
Lift Due to Circulatory Flow 

The instantaneous lift on an airfoil associated with circulatory flow is 

obtained by use of an indicial lift function and the effective angle of attack. 

The indicial lift function ACL(t) is the lift response due to a unit step 

increment in the effective angle of attack. The analysis of reference 6 

resulted in a general expression for indicial lift associated with vertical 

motion, which could be fitted accurately by an exponential equation of the form 

The constants y and z are functions of wing (or tail) geometry and are 
given in reference 6 for a wide range of wing geometries. The,liftfor arbi­
trary variation in angle of attack can be obtained by using equation (1)in 
Duhamel's integral as 
5 
Applicat ion of equat ion  ( 2 )  r e q u i r e s  t h a t  t h e  e f f e c t i v e  angle  of a t t a c k  be 
determined f o r  a su r face  performing a plunging and/or p i t c h i n g  motion. The next  
two s e c t i o n s  are concerned wi th  determining t h e  e f f e c t i v e  angle  of a t t a c k  f o r  a 
wing and a h o r i z o n t a l  t a i l  su r face .  
E f f e c t i v e  Angle of Attack of  Wing 
The flow around t h e  wing and hence t h e  wake produced by t h e  wing are 
assumed t o  be uninf luenced by the  presence of t h e  h o r i z o n t a l  t a i l .  The e f f ec ­
t i v e  angle  of at-tack of t h e  wing can be considered t o  be a s soc ia t ed  wi th  t h e  
flow normal t o  t h e  wing a t  t h e  quarter-chord p o i n t  p l u s  the  curva ture  e f f e c t  
(mentioned previous ly)  a s soc ia t ed  with p i t c h i n g  motion. The e f f e c t i v e  angle  of 
a t t a c k  can be shown to  be 
where t h e  l a s t  t e r m  i s  the  curva ture  e f f e c t .  The las t  two t e r m s  can be combined 
t o  y i e l d  
(a,), = a + yq(-x + - ( 4 )E;) 
E f f e c t i v e  Angle of Attack of Horizontal  T a i l  
The e f f e c t i v e  angle  of a t t a c k  of t h e  h o r i z o n t a l  t a i l  involves  the  s a m e  
f a c t o r s  as t h a t  of  t h e  wing, b u t  it i s  a l s o  inf luenced  by t h e  downwash from t h e  
wing. The e f f e c t i v e  angle  of a t tack  of t he  ho r i zon ta l  t a i l ,  t h e r e f o r e ,  i s  
The approach used i n  determining downwash f o r  a r b i t r a r y  v a r i a t i o n  i n  angle  of 
a t t a c k  i s  t o  f i r s t  c a l c u l a t e  t h e  downwash caused by a u n i t  s t e p  inc rease  i n  
wing angle  of a t t a c k ,  and then  t o  use Duhamel's i n t e g r a l  t o  o b t a i n  downwash f o r  
a r b i t r a r y  v a r i a t i o n  i n  wing angle  of a t t a c k .  
The simple vo r t ex  system i l l u s t r a t e d  i n  f i g u r e  1 and used i n  re ference  6 
i s  used t o  c a l c u l a t e  downwash. The system c o n s i s t s  of a bound vor tex  along t h e  
wing quarter-chord l i n e ,  a t r a i l i n g  vor tex  a t  each wing t i p ,  and a shed vor tex  
connecting t h e  downstream ends of t he  t r a i l i n g  v o r t i c e s .  The v o r t i c e s  are a l l  
i n  a plane p a r a l l e l  t o  t h e  free-s t ream d i r e c t i o n ,  and the  t r a i l i n g  v o r t i c e s  
remain p a r a l l e l  t o  t h e  free-s t ream d i r e c t i o n .  The vor tex  system s t r e t c h e s  i n  
the  downstream d i r e c t i o n  a t  one-half o f  t h e  free-s t ream v e l o c i t y .  A d i scuss ion  
6 

and j u s t i f i c a t i o n  f o r  use of t h i s  vor tex  system t o  r ep resen t  a complex phys ica l  
s i t u a t i o n  i s  given i n  r e fe rence  6. The vor tex  s t r e n g t h  i s  the  same i n  a l l  por­
t i o n s  of t he  system. The t i m e  v a r i a t i o n  of t h e  l i f t  following a u n i t  s t e p  
increase  i n  angle  of a t t a c k  and, consequently,  t he  corresponding c i r c u l a t i o n  
s t r e n g t h  are determined by equat ion (1). 
I n  keeping wi th  the  simple vor tex  r ep resen ta t ion  used, downwash i s  calcu­
l a t e d  only i n  the  p lane  of t h e  vor tex  system, midway between t h e  two t r a i l i n g  
vo r t i ce s .  The downwash a t  a d i s t a n c e  2 downstream from t h e  midpoint of t h e  
bound vor tex  can be determined by use of t h e  Biot-Savart  l a w  ( r e f .  8) and is  
where 
cr 
f l  = 2/_ A +  
t a n  A 
7 
I n  equat ions ( 7 ) ,  f l  is  associated wi th  the  quarter-chord-l ine bound vor tex ,  
f 2 ( t )  i s  a s soc ia t ed  wi th  t h e  two wing-tip v o r t i c e s ,  and f 3 ( t )  i s  a s soc ia t ed  
wi th  t h e  shed vor tex .  I n  de r iv ing  equat ions  ( 7 ) ,  use  w a s  made of t h e  geometric 
r e l a t i o n s h i p  
b_ - A(l + A )  
Cr 2 
The Kutta-Joukowski equat ion used t o  re la te  lift t o  c i r c u l a t i o n  i s  
L ( t )  = p u b r ( t )  
Solving f o r  r ( t )  and s u b s t i t u t i n g  i n t o  equat ion  ( 6 )  r e s u l t s  i n  
The downwash angle  i s  def ined  as 
hence, equat ion (8) can be w r i t t e n  as  
- 1 + xSince 	t h e  area of a wing i s  given by S = bc = bcr ___, t h e  downwash equat ion
2 
can be w r i t t e n  as 
The downwash fol lowing a u n i t  s t e p  inc rease  i n  angle  of a t t a c k ,  t h e r e f o r e ,  i s  
( t)  = 1 + x  AC t f + f 2 ( t )  + f 3 ( t d
L (  )[1 (9 )  
Subs t i t u t ing  equat ion (1) i n t o  equat ion (9)  r e s u l t s  i n  
8 
The vor tex  system being used i s  a simple model f o r  a complex phys ica l  
system; t h e r e f o r e ,  equat ion  (10) i s  no t  expected t o  be very accu ra t e  quant i ­
t a t i v e l y .  However, t h e  func t iona l  r e l a t i o n s h i p  between downwash and t i m e  
should be use fu l .  A means of improving t h e  accuracy of equat ion (10) i s  t o  
assure  co r rec tness  of  t h e  equat ion  a t  known condi t ions .  I n  t h e  case of down-
wash, t h e r e  are reasonably accu ra t e  methods of computing downwash under steady-
state condi t ions .  Under such condi t ions  equat ion (10) becomes 
Dividing equat ion  (10) by equat ion  (11)r e s u l t s  i n  
However, ( k 2 ) s s  = (E) . Therefore  equat ion ( 1 2 )  becomes 
2 ,ss  
The t e r m s  f2(m) and f3(m) can be evaluated by l e t t i n g  t -f m i n  equa­
t i o n s  ( 7 ) .  The r e s u l t s  are 
Equation (13) i s  complicated because of t h e  long express ions  f o r  f l ( t ) ,  
f 2 ( t ) ,  f 3 ( t ) ,  and f2(m) as given by equat ions  ( 7 )  and (14 ) .  A f t e r  computing 
downwash f o r  a few s p e c i f i c  cases and some experimentat ion,  it w a s  found (as i n  
r e f .  5) t h a t  equat ion  (13) could be approximated very c l o s e l y  by t h e  equat ion 
9 
Equation (15) is also in a convenient form to use in frequency-response calcula­
tions, as discussed subsequently, because Fourier transforms are available for 
the terms involved. Transforms are not known to exist for some terms of the 
downwash expression given as equation (10). Values of F', G', and H' are 
functions of wing geometry and length 2 and can be determined by curve fitting 
equation (15) to results calculated from equation (13). Details of this pro­
cedure are given in appendix A. 
Lift on Wing 

The lift associated with circulation for arbitrary variation in angle of 

attack of a wing (uninfluenced by the tail) is obtained by use of equations (l), 

(2), and (4)and is 

Lift on Horizontal Tail 

The lift associated with circulatory flow of the horizontal tail is 
obtained by use of equations (1), (2), and (5) and is 
The downwash for arbitrary angle of attack required in equation (17) is obtained 

by use of equation (15) in Duhamel's integral and is 

10 

Lift Due to Elevator Deflection 

In order to determine the lift associated with arbitrary variation of ele­

vator deflection, an indicial response function must be obtained to use in 

Duhamel's integral. The lift would then be given by an equation of the form 

ACL (t - T)6,(T) dT (19)
e 
where ACLe(t) is the indicial function, that is, the time variation of lift 

associated with a unit step in elevator deflection. No data or convenient 

theory for obtaining ACL~ were found to serve as a guide �or developing a 

simple expression as would be required in parameter identification. However, 

on the basis of the wing indicial lift function, a control-surface indicial 

response might have the form 

The lift �or arbitrary variation in control deflection would be given by using 

equation (20) in Duhamel's integral. 

EQUATIONS OF MOTION 

Unsteady Aerodynamics in Downwash 

1-ndic-iallift function.- By assuming that initial pitch attitude and its 

variatyzs are small, the rigid-body longitudinal perturbation equations of 

motion are 

and 

The unsteady aerodynamic effects are modeled in the terms CL(t) and Cm(t), 

which are expressed as 

and 

X

Lt a -rC&(t)Cm(t) = - FPLt(t) + CLe(tfJ + (CmcL>,
cW cW 
(All coefficients are based on wing geometry.) 

When equations (16), (17), (18), and (19) are substituted into equa­
tions (23) and (24) and the results are used in equations (21) and (22), the 

consequence is a pair of integro-differential equations involving convolution 

integrals. The solution of the equations is very time consuming even on a high-

speed digital computer. Computation of sensitivity coefficients, which is an 

integral part of several parameter-extraction techniques, becomes very cumber­

some. The equations, therefore, are transformed to the frequency domain to 

simplify them and make them more practical for use in parameter extraction. 

The equations of motion in the frequency domain can be shown to be 

and 

-
q + 1,- CL 6, 
-
- (Em ) ;> (26) u cw e a f  

where 
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2 i w F ’  - (2- i-;rw)-
D =  W e 
Equations ( 2 5 )  and ( 2 6 )  can be solved s i m i  l taneoi s l y  t o  ob ta in  the  frequenc; 
response c h a r a c t e r i s t i c s  a s  
=_.: 
J 
where 
PUS, 
A ’11 = iw + -2m (ELW + ktl) 
( 3 6 )  
13 

In the parameter-extraction mode, flight data in the form of time histories 
of 01, q, and 6, are converted to the frequency domain, and equations (25) 
and (26) are used in a parameter-extraction algorithm to extract parameters to 
best fit the frequency-domain data. However, some aspects of the equations are 
undesirable. First, the number of aerodynamic parameters in the equations is 

limited to , and cL6e. Some of these 
occur in combinations which multiply common states and, therefore, might be 

difficult to separate. Secondly, it would be preferable to extract aerodynamic 

parameters for the entire aircraft rather than those associated with aircraft 

components. These concerns led to the idea of examining the equations to deter­

mine whether some alterations could be made to obtain parameters in a more 

desirable form. 

Unsteady aerodynamics are introduced into the equations of motion through 

the indicial lift and downwash equations. Results presented in reference 9 

indicate that effects of unsteady aerodynamics on aircraft motion could be 

modeled reasonably accurately if indicial response in lift is omitted and 

unsteady effects are included only in the downwash behind the wing. It was 

decided to proceed under this condition and to check at a later point to deter­

mine whether the results justified making this simplification. 

Indicia1 lift omitted.- Including unsteady aerodynamics in the downwash 
and omitting the indicial lift function simplify equations (27), (28), (30), 
and (31). Note that F;, G;, and H;, which appear in equation (29), also 
involve the indicial lift (see eqs. (12) and (15)) and must be modified. Equa­
tions (27), (28), (30), and (31) become 
-
where Fw, Gw, and Hw, which appear in the D-term, are obtained by curve 
fitting equation (15) to equation (12) with y = z = 0. (See appendix A.) 
Equations (37) to (40)are then used in equations (25) and (26) to replace- - - ­
, and C
Le 
respectively. 
14 

When unsteady effects are included only in the downwash, equations (25) 
and (26) with the use of equations (37) to (40) can be simplified and put into 
the forms 
iwa = q -­- - 2 
+ (ELt1)]; S + u;+ %)(CLa) w,ss 
(41) 

and 

* iwq = ­
-
cw a)t,SS]G + “‘(cLse)ss6e+ (zt + $))4r-(CL cw 
Some terms in equations (41)and (42) can be converted to more convenient forms. 

The first bracketed terms of equation (41) become, by using equation (38), 

By assuming that the total lift of the airplane is contributed by the wing and 

tail 

(CLJw,ss + (“La)t,SS[. - (E)z I S S] = (44) t 
and therefore 

15 

The second bracketed t e r m  of equat ion (41) can be m u l t i p l i e d  and divided-
by cw/2 t o  o b t a i n  
Some t e r m s  of equat ion  (42) also can be combined. For example, t h e  first 
bracketed t e r m  can be combined wi th  P%)f t o  o b t a i n  
The second bracketed t e r m  of equat ion (42) can be shown to  reduce t o  
Using equat ions (45) and (46) i n  equat ion ( 4 1 ) ,  and equat ions  (47) and (48) i n  
equat ion ( 4 2 ) ,  and t h e  r e l a t i o n s h i p  - r e s u l t s  i n  
and 
16  
Equations (49)and (50) can be solved simultaneously to obtain the frequency-

response characteristics as 

where 

sw -A12 = p 4m cw(cLq)ss - 1  
(54) 

2 

A22 = iw -
puswcw 
Cm (55)41Y q 
and 

7 

5 
D =  (56) 

As noted previously, the terms F, G, and H, are determined by curve 
fitting equation (15) to equation (12) with y = z = 0. A numerical procedure 
for this purpose and results for a wide range of wing geometries are discussed 
in appendix A. 
Equation (51) can be used for parameter extraction if the assumption that 
indicia1 lift effects can be ignored, as was assumed in the simplifications used 
to proceed from the complete equations ( 3 2 )  to (51), is valid. 
17 

Effects of Omitting Indicia1 Response From Equations of Motion 

The two steps taken to examine the effects of neglecting indicial response 

are as follows: 

(1)Determine whether the indicial lift has any effect on aircraft 

frequency-response characteristics. 

(2) Determine whether indicial response influences the numerical value of 

extracted parameters. 

The aircraft used in this part of the study is shown in figure 2 and has the 

mass and geometric characteristics of table I and the aerodynamic parameters of 

table 11. This aircraft configuration was also used in flight tests discussed 

subsequently. The test aircraft had an all-movable tail for longitudinal con-

-trol; therefore for this configuration CLe - CLt2t and the problem of deter­
mining the indicial response for an elevator-type control did not have to be 

addressed. 

The computed frequency-response characteristics for the aircraft configura­

tion with and without the indicial lift function, but including unsteadiness in 

downwash, are shown in figure 3. Since the frequency-response characteristics 

are very similar for the two cases, it appears that the indicial lift function 

would have a minor influence on aircraft motion, which is in agreement with 
the results of reference 9. In order to perform step (2), the two sets of 
frequency-response characteristics were used in a parameter-extraction exercise, 
using the algorithm developed in appendix B. The results are given in table I11 
and show that the two sets of extracted parameters are in close agreement except 
for CL . Since C has only a minor effect on airplane motion, the agreement
9 Lq

in the remaining parameters seemed to justify further using the simplified equa­

tion (51), which neglects lift indicial responses, for parameter-extraction 

purposes. 

PARAMETER EXTRACTION 

Equation (51), which includes unsteady aerodynamics only in the downwash, 

is used for parameter extraction. The procedure is to measure flight data as a 

function of time, convert the data to the frequency domain by using the discrete 

Fourier transform, and then use a parameter-extraction algorithm to estimate 

aerodynamic parameters to provide a fit to the data in some optimal manner. In 

the present study, the maximum likelihood algorithm outlined in appendix B was 

used for parameter extraction. In principle, it should be possible to extract 

and the product 

18 

Computer-Generated Data 

The frequency-response characteristics of figure 3 ,  with unsteady effects 
only in the downwash, were used with two parameter-extraction algorithms: One 
included unsteady aerodynamics; the other neglected unsteady aerodynamics. In 
performing parameter estimation using the algorithm that included unsteady aero­
dynamics, initial values of the parameters were assumed. These values were 
offset from the values which had been used to generate the data. The extraction 
program which included unsteady aerodynamics was allowed to iterate on the six 
parameters and the product previously listed. Although the extraction program 
retrieved the values used in generating the data, several parameters were very 
highly correlated. Pair-wise correlations above 0.95 were obtained between 
(c%)ss’ (cmq)ss, and (CLa)t,ss(E)lt,ss . The probability of high correla­
tions between these parameters had been anticipated because of the manner in 

which the terms appear in equations (49)and (50). It had been hoped, however,
-
that the frequency-dependent factor D would relieve the correlation problem. 

Since this did not occur, the extraction program was rerun with the product 

(“La)t,9s (8,fixed at its correct value. This time the program again ,S S  
retrieved the correct aerodynamic parameters and all correlation coefficients 

were very low. It was therefore thought advisable to use this approach in sub­

sequent parameter extractions to keep correlations reasonably low. 

The next step in this study was to use the same computer-generated data 

(unsteadinessonly in the downwash) and the parameter-extraction algorithm which
-
neglected unsteady effects (D  = 0). In this case it should be recognized that 
the unsteady aerodynamic effects would be absorbed in the extracted parameters. 
In particular the parameters approximated by 
and 

would be extracted (ref. 1). The second term on the right-hand side of each 

equation represents an approximation which accounts for frequency-dependent 

unsteady aerodynamics by use of constant factors. 

The parameters extracted with the two algorithms are shown in table IV. 
The two sets of aerodynamic parameters produce almost identical frequency-
response characteristics as shown in figure 4. As indicated previously, the 
difference between and C& is interpreted as C%. An approximate 
q 
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expression for C%' 
which is valid for low frequencies and is generally 
referred to as the lag-in-downwash effect (ref. lo), is 
If the parameters of table I1 are substituted into equation (591, the estimated 
value for %& is - 7 . 3 3 ,  which is very close to the difference between the 1
extracted values of Cm shown in table IV (i.e., a difference of 
q and 

-7.35). These results indicate that for this particular case unsteady aero­

dynamic effects as approximated by the parameter C
m& 
can be estimated accu­

rately by the lag-in-downwash effect. 

The reduced value extracted for Cmcl when unsteady aerodynamics are not in 

the extraction algorithm is also of the expected order of magnitude. In this 

case the extracted value should be (appendix A of ref. 1) 

Using the geometric and mass characteristics of table I, the aerodynamic param­

eters used in generating the data, and the value of Cmci based on the geometric 

parameters, C = -1.30, which is reasonably close to the value of -1.09 
ma 
actually extracted. 

Flight Data 

The flight data used in this part of the study were obtained for a general-

aviation light airplane having the configuration shown in figure 2. The geo­

metric mass characteristics and flight conditions are given in table I, and the 

measured flight data are shown in figure 5 as time histories of various measured 

states. Because of the measured vertical acceleration used in the parameter 

estimation procedure, the transformed equations of motion were extended by the 

equation 

As noted previously, it is much more convenient, when using a mathematical model 

involving unsteady aerodynamics, to perform parameter extraction in the fre­

quency domain. The data of figure 5 were converted to the frequency domain by 

use of the discrete Fourier transform, and are presented as part of figures 6 

and 7. Parameter extraction was performed in two different modes: 

2 0  
. ­
(1) In the frequency domain, using the algorithm of appendix B with 

unsteady aerodynamic modeling included in the downwash. 

(2) In the frequency domain, using the algorithm of appendix B with 
unsteady aerodynamics not modeled. In this case some of the extracted param­
eters, notably < , reflect any unsteady effects. 
9 

First, an attempt was made to extract all six parameters of equation (51)

~ 
plus the product . The problem of high correlation was 
2, ss 
encountered, as was the case with computer-generated data. In addition, how­
ever, some of the parameters- were unrealistic in magnitude and/or sign. Param­
eter extraction then was performed with the product held 

constant at an estimated value based on the wing and tail geometry. The param­

eters extracted in these two modes are given in table V, and the frequency-

response characteristics obtained by using each set of parameters are shown in 

figures 6 and 7. Both sets of parameters, when used in their respective model­

ing equations, fit the flight-measured time histories equally well as judged by 

estimated residuals. 

Since it is preferable to extract individual derivatives, performing 

identification with modeling of unsteady aerodynamics as proposed herein appears 

to be preferable to extracting combination derivatives. Application of the 

extraction algorithm in the two modes suggested, that is, with and without 

modeling unsteady aerodynamics, provides a convenient means of separating the 

steady-state and acceleration derivatives. An alternate method of obtaining 

estimates of individual steady-state and acceleration derivatives by special 

flight maneuvers is suggested in reference 11. 

CONCLUDING REMARKS 
A simple vortex system has been used to model unsteady aerodynamic effects 
into the longitudinal equations of motion of an aircraft. The equations of 
motion in the time domain had two problems relative to application for parameter 
extraction: (1)Only a limited number of aerodynamic parameters appeared in the 
equations; and (2) the solution of integro-differential equations led to lengthy 
computations. The second problem was circumvented by transforming to the fre­
quency domain; however, the first problem (limited number of derivatives) 
remained. Subsequent calculations showed that unsteady aerodynamic effects 
were adequately accounted for when the unsteady effects were included only in 
the downwash. This condition permitted recasting the equations in the frequency 
domain so that the usual aerodynamic parameters were present in the equations. 
A parameter-extraction algorithm based on this formulation for unsteady 

aerodynamics permitted extraction of the aerodynamic derivatives associated with 

steady-state motion. If unsteady aerodynamic effects are omitted from the 

extraction algorithm, the extracted parameters will include the effects of 

unsteady aerodynamics; that is, some of the extracted parameters are inter­

preted as combinations of steady-state and acceleration derivatives. Use of 
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the two parameter-extraction algorithms, one including and the other omitting 

unsteady aerodynamic effects, provides a means of estimating some acceleration 

derivatives. However, the acceleration derivatives obtained are constants that 

approximate the effects of frequency-dependent aerodynamic phenomena. 

The primary objectives of this study, the inclusion of unsteady aerody­

namics in the rigid-body motion of an aircraft and the development of a 

parameter-extractionprogram which includes unsteady aerodynamic effects, have 

been accomplished. Additional studies suggested are: (1)To determine whether 

repeated tests under the same flight conditions will yield parameters with 

smaller ensemble variance when the extraction algorithm accounts for unsteady 

aerodynamics; and (2) to determine whether the extracted parameters will show 

less variation �or different control inputs than is observed when unsteady 

effects are not taken into account. 

Langley Research Center 

National Aeronautics and Space Administration 

Hampton, VA 23665 

October 11, 1979 
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APPENDIX A 

CALCULATION OF F, G, AND H OF DOWNWASH EQUATION 

The downwash equation for a unit step increase in angle of attack for a 

wing represented by the vortex system of figure 1 is given by 

The functions fl, f2(t) , and f3(t) are defined by equations ( 7 ) .  As noted 
previously, it was found expedient to perform parameter identification in the 
frequency domain; however, this procedure led to another problem since equa­
tion (Al) could not be converted because of the apparent lack of Laplace trans­
forms for some of the terms involved in equation (Al). It had been found, 
during the study of reference 4, that for several representative wings, numeri­
cal results from equation (Al) could be approximated very closely by an expres­
sion of the form 
where F, G I  and H are functions of wing geometry and distance behind the 
wing root quarter-chord point. Laplace transforms of the various terms of 
equation (A2) are readily available. 
In the present study, the constants F, G, and H were computed for a 
wide range of wing geometric characteristics by generating time histories of 
A E ~  using equation (Al), and then using a nonlinear least-squares procedure to 
determine values of F, G, and H which caused equation (A2) to provide the 
best fit to the time histories using the least-squares method. The procedure 
was to compute A E ,  at 40 equally spaced intervals, starting at a low value 
of ut/cr and extending to a value �or which A E ,  was essentially constant 
(fig. 8). These values were used as measured data ym. An initial guess was 
then made of a parameter vector 8 containing as its elements the constants F, 
G, and H. These initial guesses were used in equation (A2) to estimate A E ~ ,  
which was treated as computed data yc. Sensitivity coefficients were computed 

analytically from equation (A2) and are 
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APPENDIX A 
3% - G - ut e-sJ 
A 3 = - ­a H  C r / 2  
The s e n s i t i v i t y  c o e f f i c i e n t s  formed a row ma t r ix  A. An i t e r a t i o n  procedure 
w a s  then used t o  converge on t h e  va lues  of F, G ,  and H t o  b e s t  f i t  t h e  
measured d a t a  ym by us ing  parameter updates computed from 
The updated parameter vec to r  i s  
e = e, + ne (A51 
where 8, i s  t h e  i n i t i a l  parameter vec to r .  I t e r a t i o n s  are continued u n t i l  t h e  
parameter update i s  judged t o  be n e g l i g i b l e  o r  u n t i l  t h e  f i t  t o  t h e  d a t a  m e e t s  
some convergence c r i t e r i a .  This  procedure w a s  used t o  c a l c u l a t e  t h e  c o n s t a n t s  
f o r  a wide range of va lues  of wing geometry ( A ,  A, and I\) and d i s t a n c e  behind 
t h e  wing r o o t  quarter-chord p o i n t .  The r e s u l t s  a r e  g iven  i n  f i g u r e  9. 
24 
APPENDIX B 

MAXIMUM LIKELIHOOD IDENTIFICATION ALGORITHM 

The parameter-estimation algorithm used in this study is the maximum like­

lihood technique in the frequency domain (ref. 12). This method provides con­

sistent estimates and has the asymptotic properties of unbiased and minimum 

variance estimates. The method which is based on maximization of the likelihood 

function yields the parameter-estimation algorithm and the covariance matrix for 

the parameters. In a separate step maximization of the likelihood function 

yields the covariance matrix for the measurement noise based on the current 

nominal solution. 

Let 8 be the vector of unknown parameters. The maximum likelihood esti­
-
mation is based on maximizing the conditional probability density of z(n) 

given 8 or maximizing the log likelihood function L given as 

- -N log I R I  - Constant
2 
V(n) - -2 log IRI - Constant= N Re 1<(n) * R-1 - N 
n 
where z(n) is the vector of measured variables and k(n,80) is the vector of 

computed output variables. 

To estimate R, the likelihood function is maximized with respect to the 

elements in R and thereby yields 

For the estimates of the remaining parameters, the minimum of L(e) is found 

by using the modified Newton-Raphson method. The estimates are given by 

e = eo  + ne 
where 8 ,  is the current estimate of parameter vector, A0 updates in the 
estimates of parameters, and A 8  = -M-lg where M and g are, respectively, 
second and first gradients of the log-likelihood function. 
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h
For fixed R = R 
and 

That isI 
The effect of maximizing the likelihood function is the same as minimizing 

cost function (fit error) 

J = det [i diag 1 <(n) <*(nd 
L n J 
Generally, in a convergent-estimation process, the fit improved with iteration 
as evidenced by a reduction in the cost function. Once the cost function 
settled so that change in two successive iterations, as defined by 
(Jk - Jk-l)/Jkr was less than 0.01, the parameters which maximize the likeli­
hood function or minimize the fit error were considered identified. 

The maximum likelihood identification algorithm proceeds in the following 
manner: 
(1)Choose a nominal value for parameter vector 8 0  and calculate J(e0). 
(2) From the equations of motion obtain %(801n) and the sensitivity 

a; (e0,n)
function ae using finite-differencemethods. 
( 3 )  Compare the transformed flight data with the chosen nominal. 
(4)Calculate an update of 8 from the maximum likelihood estimate. 
(5) Calculate J(8) and compare with J(80). 

(6)Update the nominal parameter vector and continue until convergence. 
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TABLE I.- GEOMETRIC AND MASS CHARACTERISTICS OF AIRCRAFT USED 
STUDY VARIOUS EFFECTS OF UNSTEADY AERODYNAMICS AND USED TO 
GENERATE FREQUENCY-RESPONSE CURVES O F  FIGURE 3 
Wing : 
A s p e c t  r a t i o  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Taper r a t i o  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
S w e e p  angle.  deg . . . . . . . . . . . . . . . . . . . . . . . . . . .  
R o o t  chord. m . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
A r e a r m  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
H o r i z o n t a l  t a i l :  
A s p e c t  r a t i o  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Taper ra t io  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
S w e e p  angle. deg . . . . . . . . . . . . . . . . . . . . . . . . . . .  
R o o t  chord. m . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
A r e a r m  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Weight. N . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Iy. kg-m2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
. 
x. m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
. 
cW. m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
Z t l m  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
2 .  m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
u. m / s e c  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
p. k g / m  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
TO 
7.35 
1.00 

0 
1.34 
13.56 
4.21 
1.00 
0 
0.77 
2.51 
9230 
2135 
0.116 
1.34 
4.49 
4.38 
47.5 
1.076 
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TABLE 11.- AERODYNAMIC CHARACTERISTICS OF AIRCRAFT USED TO STUDY 
VARIOUS EFFECTS OF UNSTEADY AERODYNAMICS AND USED TO GENERATE 
FF33QUENCY-RESPONSE CURVES OF FIGURE 
Indicia1 lift and 

unsteady downwash 

I 
Horizontal

Wing tail 

~ ~~ 
y I m  . . . . . . . . . . . . . . . . .  0.432 0.380 
z , m  . . . . . . . . . . . . . . . . .  0.322 0.371 
F' . . . . . . . . . . . . . . . . . .  
G' . . . . . . . . . . . . . . . . . .  
H' . . . . . . . . . . . . . . . . . .  
F . . . . . . . . . . . . . . . . . .  
G . . . . . . . . . . . . . . . . . .  
H . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . .
(CLJwlss 

. . . . . . . . . . . . . . .
( W t ,ss 

. . . . . . . . . . . . . . .
(cL%?>ss 
(c~)flss 	. . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . .M LI ss 
1.3581 

0.5103 

0.0648 

4.795 

0.74 

0.74 

0 .30  
0.44 

3 
Unsteady downwash 

only 

I 
Horizontal

Wing tail 

0 0 
0 0 
1.4636 

0.530 

0.0648 

4.795 

0.74 

0.74 

0.30 

0.44 
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TABLE 111.- EFFECT OF INDICIAL LIFT FUNCTION ON EXTRACTED PARAMETERS, 

USING COMPUTER-GENERATED DATA^ 

Parameter 

cLa 

cLq 
- _ _  
Data generated with 

unsteady downwash and 

indicia1 lift function 
~. ...__ 
5.38 (0.030) 
-67 ( -019) 
4.90 ( .600) 
-1.40 ( -006) 
-16.62 ( .250) 
-2.30 ( -014) 
(b) 

Data generated with 

unsteady downwash but 

without indicia1 

lift function 

5.21 ( 0 )  
-74 ( 0 )  
11.02 ( 0 )  
-1.50 ( 0 )  
-18.58 ( 0 )  
-2.48 (0) 

C.33 

aParameter-extraction algorithm included unsteady aerodynamics in 

downwash but had no indicia1 lift function. 
bValues in parentheses are variances (Cram&-Rao lower bound). 
‘Value held constant during extraction. 
30 
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TABLE 1V.- RFSULTS FROM PARAMETER EXTRACTION, USING COMPUTER-GENERATED 
DATA WITH UNSTEADINESS ONLY I N  DOWNWASH 
Extract t  
(i
Value used i n  
gene ra t ing  d a t a  Ext rac ted  a lgor i thm 
inc luded  unsteady 
e f f e c t s  i n  downwash 
= 5.21:“La>SS 
;cLq)ss = 11.02 
‘CLge),, = 0.74 
= -1.50 (C%)ss = -1.50 
C%) ss 
‘Cm ) = -18.58 = -18.58 
L 9 ss 
:cm6e)ss = -2.48 (‘m6e) 
= -2.48 
ss 
(*) = b0.33= 0.33 Wtrssaa 2,ss 
aValues i n  pa ren theses  are va r i ances  (Cram&-Rao 
bValue heI d  cons t an t  du r ing  e x t r a c tion .  
1 va lue  
Ext rac ted  a lgor i thm 
neglec ted  a l l  
unsteady e f f e c t s  
(CLa)ss = 4.92 (0.004) 
(cLs>ss  
= 19.11 (0.700) 
( C L ~ , ) ~ ~0.82 (0.002)= 
c’mol = -1.09 (0.010) 
C k  = -25.93 (0.370) 
q 
‘6 e = -2.32 (0.020) 
(CLa ,S S  >, I SS = b0.33 
.ower bound). 
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TABLE V.- AERODYNAMIC PARAMETERS EXTRACTED FROM 
FLIGHT DATA OF FIGURE 5 
Extraction algorithm 

included unsteady 

effects in downwash 

(a) 

(cLa)ss = 5.12 (0.05) 
(cLJss = 4.69 (0.17) 
(cLse)ss 
= 1.42 (0.07 
(cmct)S S  
= -1.34 (0.01 
(cmq)ss 
= -15.37 (0.01) 
Extraction algorithm 

neglected all 

unsteady effects 

(a) 

= 4 . 9 1  (0.03) 
(“4ss = 6.33 (0.33) 
(‘LSe) ss 
= 1.14 (0.05) 
= -0.99 (0.01) 
ckq = -20.77 (0.58) 
c&, = -2.95 (0.01) 
aValues in parentheses are variances (Crame/r-Rao lower bound). 

bValue held constant during extraction. 
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Figure 1.- Vortex system used for  computing downwash. 
W 
W 
T 

50 m 
Figure  2.- Three-view drawing o f  t e s t  a i r c ra f t .  
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l 
2 .o 
++++++ Complete unsteadiness 
Unsteadiness on ly  in downwash 
1.o . ~ 
Frequency, rad/ sec 
-30 

Frequency, rad/ sec 
(a) Angle-of-attack response. 

Figure 3.- Effects of unsteady aerodynamics on longitudinal 

response. Computer-generated data. 
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++++++ Complete unsteadiness-Unsteadiness only i n  downwashlo-i7.5 
h 
9
-

e 
5 
I 11111I I1I 1 I I ,J I 1 1 1 L I I I I L 1 1 I 1 1 1 I I 1 I 1 
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I 

0 10 15 20 

Frequency, rad/ sec 
-180 I l l 1  , l l l l i i i l l l l l l , l l I l l i l , I l l , , ~ l I l l l l l l l l l 

0 5 10 15 20 25 

Frequency, rad/ sec 
(b) Pitch-rate response. 

Figure 3.- Concluded. 
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Unsteadiness in downwash o n l y  
Obtained u s i n g  parameter extracted 
w i t h  steady-state model 
. ­
6 e L­t 

-90 
E l I I I I 
-18Ohl I I I I I I 1  I 1  1 I I I I11 I I l l 
0 5 10 15 20 25 
Frequency, rad/ sec 
(a) Angle-of-attack response. 

Figure 4.- Computer-generated data with unsteadiness only in 

downwash and data computed using parameters extracted by 

maximum likelihood method with unsteady effects neglected 

(steady-state model). 
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10.0 
++++++ Unsteadiness in downwash 
Obtained using parameter extracted 
with steady-state model 
7.5 
Mag, 
5 - 0-
iY 
e 
2 -5 
U 

90 
Phase, 
N 
9-
N 

6 e 
-301 
Frequency, rad/ sec 
(b) P i t ch - ra t e  response.  
Figure 4.- Continued. 
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++++++ Unsteadiness in downwash on ly  
Obtained u s i n g  parameter extracted 
15 
w i t h  steady-state model2
M y ,  
aZ-
N

6 e 
O F !  1 I I I 1 1  llJ111U I , !  I 1 1  1 I I I I ,  I I I I  1111111(111111111120 
0 5 10 15 25 
Frequency, rad/ sec 
Phase, E 
rv 
aZ-r e 
0 5 10 15 20 25 
Frequency, rad/ sec 
(c) Normal-acceleration response. 

Figure 4.- Concluded. 
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-5 
30 

20 
10 
91 0
deg /sec 
-10 
-20 
-30 

1 I I 1 1 . I  . J  
0 	 0. 5 1. 0 1. 5 2. 0 2. 5 3.0 
Time, t, sec 
Figure 5.- Time histories of data measured from aircraft of figure 2. 
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++ + + +Fl ight  data 
Computed 
c 

0 1 IIIllllillllllllllllll12 16 20 
0 
Frequency, rad/ sec 
x 102 
1 
Phase, 
rcl 
a 
-1 
Frequency, rad/ sec 
(a) Angle-of-attack response. 

Figure 6.- Flight test data in frequency domain and data computed 

using extracted parameters when extraction algorithm included 

unsteady aerodynamics in downwash. 
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++++++Flight data 
Computed 
Frequency, rad/ sec 
1 
Phase, 
N 
-1 
Frequency, rad/ sec 
(b) P i t c h - r a t e  response.  
Figure 6.- Continued. 
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x 101 
++-I-+++ Fl ight  data 
Computed 
L l  6 8 10 
Frequency, rad/ sec 
t 
+-++ 
0 2 
x 10' 
2 �­

1 
Phase, -Irv a-Z 
d 

e 
.8 

-1 - 8  1 1 1 1 1  1111 I 1  1 1 1 1  1 1 1  1 I1 , , l l l l U d
0 Y 8 12 16 20 
Frequency, r a d l s e c  
(c) Normal-acceleration response. 

Figure 6.- Concluded. 
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6 
l2F 
E 
++++++ Flight data 
Computed 
;j.e 
1 1 1 1 1 1 1 1 1 1  I I ,1111 I 1  1 1  
Frequency, rad/  sec 
x 10' 
Phase, 
cu 
a 
Frequency, rad/  sec 
(a) Angle-of-attack response. 

Figure 7.- Flight test data in frequency domain and data 

computed using extracted parameters when extraction 

algorithm neglected unsteady aerodynamics. 
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++++++ Flight data 
Computed 
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Figure 7.- Continued. 

45 
x 10' 
++++++ Flight data 
Computed 
t 

Frequency, rad/sec 
Phase, +' t 
N ta
Z 
I I I I I I  I I I 1 1 1 1 I I  1I,JII1111
12 16 20 
Frequency, rad/ sec 
(c) Normal-acceleration response. 
Figure 7.- Concluded. 
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Figure 8.- Comparison of results from exact and approximate downwash equations. 
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Figure 9.- Values of constants F, G, and H for use i n  

downwash calculations. 
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Figure 9.- Continued. 
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